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ABSTRACT 

The results of an evaluation study of an RF mass gauging system 

currently under development by the Instruments and Life Support Division 

of the Bendix Corporation are presented. The potential limitations of 

such a system are determined and possible modifications in system design 

and measurement technique are discussed. In addition, an improved mathe- 

matical model forpredictingthe gauging response of the system is 

developed. 
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I INTRODUCTION AND SUMMARY OF RESULTS 

A. In  t roduc ti on 

This f i n a l  r epor t  presents  t he  r e s u l t s  of a study t o  eva lua te  a 

R F  mass gauging system tha t  i s  cu r ren t ly  under development by the  

Instruments and L i f e  Support Division of t h e  Bendix Corporation, 

Davenport, Iowa, Spec i f ica l ly ,  the study was divided i n t o  two major 

tasks  : 

(1) Estab l i sh  the  po ten t i a l  l i m i t a t i o n s  and d e f i c i e n c i e s  
of the  R F  gauging concept. 

(2) Consider and recommend possible  modif icat ions i n  
system design and measurement techniques. 

There were two main sources  of information t h a t  were used i n  t h i s  

s tudy:  (a) t he  r e p o r t s  t h a t  have been i ssued  by Bendix, and (b) d i s -  

cussions w i t h  Bendix personnel v i a  telephone and dur ing  a v i s i t  by SRI 

personnel t o  t h e  Bendix plant.  

The e s s e n t i a l  elements of the  RF gauging system are shown i n  the  

block diagram of Figure 1. The fundamental concept i s  simple: If t h e  

cav i ty  i s  large enough compared w i t h  a wavelength, i t  w i l l  support  many 

resonant electromagnetic modes. Thus, i f  the frequency i s  swept through 

a band, energy w i l l  be reflected from the c a v i t y  f o r  f requencies  where 

no resonance ex i s t s ,  and w i l l  be p a r t i a l l y  absorbed a t  any resonant 

frequency. Thus, t he re  w i l l  be  a d i p  i n  reflected power as each resonant 

frequency is  traversed. (The amount of energy absorbed and the  size of 

the d i p  w i l l  depend on the  losses  i n  the  cav i ty  and the  degree of coupling 

t o  t h e  cavi ty . )  In pr inc ip le ,  t h e  number of d i p s  i n  r e f l e c t e d  power i n  

a given frequency band w i l l  be a measure of the  number of cav i ty  
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resonances i n  t h a t  band. Finally,  t h e  number of c a v i t y  resonances i n  a 

given band w i l l  depend on the  amount of d ie lec t r ic  ma te r i a l  i n  the  

cavity.  Thus, i t  should b e  possible t o  c a l i b r a t e  t h e  system so t h a t  

the  amount (volume) of dielectric i n  the  c a v i t y  can be measured i n  

t e r m s  of the  number of d i p s  i n  reflected power t h a t  a r e  observed i n  a 

given frequency band. 

However, i n  prac t ice ,  a number of f a c t o r s  complicate the  u t i l i z a t i o n  

of t h i s  system. The most important of these f a c t o r s  i s  the  loss i n  t h e  

system, and the effect  of va r i a t ions  i n  t h i s  l o s s  w i t h  frequency and 

w i t h  the  amount of d ie lec t r ic  ma te r i a l  i n  the cavity.  Therefore, a 

major p a r t  of the  f irst  t a s k  of t h i s  study involved examining the  

correctness  and completeness of t he  math model t h a t  has been used by 

Bendix t o  analyze the effect of l o s s  i n  the system. Section I1 of t h i s  

r epor t  discusses  t h i s  math model i n  d e t a i l  and describes our suggested 

modifications. 

I n  Section 111, o the r  important p r a c t i c a l  a spec t s  of the system 

are considered and evaluated. These include resonator  coupling, 

resonator  geometry, and t h e  e f f e c t s  of f u e l  movement, temperature, 

pe r tu rba t ions  i n  the  cavity,  and so on. Final ly ,  ou r  o v e r a l l  conclusions 

and recommendations are presented i n  .Section I V .  

B. Summary of Resul ts  

The major r e s u l t s  and conclusions of t h i s  study are:  

0 The technique of f u e l  gauging by means of counting modes 
of electromagnetic resonance i n  a l a r g e  conducting c a v i t y  
appears t o  be both va l id  and f e a s i b l e ,  provided t h a t  i t  
is used wi th  a clear understanding of i t s  l imi t a t ions .  

0 The design and implementation of the c u r r e n t  f u e l -  
gauging system being developed by Bendix, does, i n  
general, follow t h e  basic t e n e t s  of good microwave 

3 



practice. However, a few recommendations for improve- 
ment are made. 

0 The exact configuration and geometry of a truly-large 
cavity should not have a Significant effect on system 
performance. In particular, the introduction of pertur- 
bations into the cavity should not alter the average 
number of degeneracies and the exact location of the 
coupling probe should not matter. 

The "space-diversity" probe being used by Bendix is a 
good way to couple to the greatest number of modes, but 
care must be taken in processing the resulting data to 
avoid erroneous mode counts. 

0 An improved mathematic model for the fuel-gauging system 
has been developed and its limitations assessed The model 
should provide a good basis for design, but it is probably 
not accurate enough to obviate the necessity for experi- 
mentally calibrating the actual fuel-gauging system. 

4 



I1  MATH MODEL 

A. Introduction 

In this section, we discuss a mathematical theory for determining 

the number of modes (resonances) in an electromagnetic cavity that are 

detectable (observable) between frequencies f and f where the cavity 

may contain an arbitrary amount of lossy dielectric material. The 
1 2 7  

theory must necessarily be approximate because, in general, the cavity 

is asymmetrical and contains objects (perturbations) having complex 

geometries; thus, exact mathematical solutions cannot be obtained in 

closed form. The key assumption upon which the validity of this approxi- 

mate analysis rests is that all major dimensions of the cavity are much 

larger than the electromagnetic wavelength. If this is true, the 

density of modes per unit frequency will be large and will be insensitive 

to the detailed boundary conditions in the cavity. 

B. Density of Observable Modes--Lossless Case 

Given the "large-cavity" assumption, an equation for the density 

of modes in a lossless cavity can be derived as follows: we assume that 

the cavity is a rectangular parallelepiped having sides L L L . 
(As mentioned before, the results should not depend on the exact shape 

of the cavity.) Since the tangential electric field must be zero at 

the cavity walls, the wave vector in any Fourier (plane-wave) decomposi- 

tion of the modal fields must have a corresponding periodicity, that is 

x7 y7 z 
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3 
where k i s  t h e  wave vector,  2 $ are orthogonal u n i t  vectors,  and 

x' y' z 

= 0, tl, 22, ... n 
x, Y, 

Now, s ince  the re  are always two orthogonal p o l a r i z a t i o n s  poss ib l e  f o r  

each set of i n t e g e r s  (n n 

each "unit" ce l l  i n  k-space, where the  cel l  volume i s  given by (2n)  /L  L L . 
X Y Z  

Thus, t he  number of modes between k and k + dk, where k = lkl ,  

t o  twice the number of " u n i t "  cells t h a t  make up t h e  s h e l l  volume 

between spheres i n  k-space having r a d i i  k and k + dk. Expressing t h i s  

r e l a t i o n  mathematically, w e  have 

nZ), t h e r e  are two independent modes f o r  
3 x' y' 

+ 
is equal 

4n 3 3 3 
p (k)dk = 2 X - [ (k + kd) - k ]/[ (2n)  /L L L 3 , 

X Y Z  1 3 
or 

v 2  
p (k)dk = - k dk 1 2 7 

n 

where p (k) i s  the  dens i ty  of modes per  u n i t  wave number and V = L & p Z  

is  the  volume of t h e  cavi ty .  To express t h i s  r e l a t i o n  i n  the  frequency 

domain, we use the f a c t  t h a t  k = 2nf/c and o b t a i n  

1 

8nV 2 
p ( f )df  = - f df 
2 3 9 

C 

(4) 

where f i s  the  frequency, c is  t h e  v e l o c i t y  of l i g h t ,  

dens i ty  of modes pe r  u n i t  frequency. Equation (4) is  known as  the  

"Hohlraum" formula i n  physics, where i t  occupies a fundamental p l ace  

i n  the  ana lys i s  of black-body radiat ion.  

and p ( f )  i s  the  
2 

W e  now wish t o  gene ra l i ze  Eq. (4) one s t e p  f u r t h e r  so t h a t  i t  

includes the e f f e c t  of a d i e l e c t r i c  ma te r i a l  t h a t  p a r t i a l l y  occupies 

the cavi ty  volume. 

d i e l e c t r i c  constant  w e  rewrite i t  as fol lows:  

To show the  e x p l i c i t  dependence of Eq. (4) on 

6 



p ( f )df  = - 8JrV (€')3'2 f2df 
2 3 

0 
C 

where c 

t h e  r e l a t i v e  d i e l e c t r i c  constant of t he  d i e l e c t r i c  ma te r i a l  f i l l i n g  the  

cavity.  If only a f r ac t ion ,  cy, of the  volume is f i l l e d  with d i e l e c t r i c  

material, e '  i n  Eq. (5) must be replaced by €'(cy), an e f f e c t i v e  d i e l ec -  

t r i c  constant.  One way t o  determine t h i s  e f f e c t i v e  d i e l e c t r i c  constant  

i s  t o  assume t h a t  the  t o t a l  mode dens i ty  f o r  t he  c a v i t y  i s  t h e  sum of 

two mode d e n s i t i e s :  t he  density i n  t h e  volume a V  of d i e l e c t r i c  material ,  

p lus  the dens i ty  i n  t he  volume (1 - cy)V of vacuum (or, p r a c t i c a l l y  

speaking, a i r ) .  This assumption neg lec t s  t h e  f a c t  tha t ,  f o r  Eq. ( 5 )  

t o  be v a l i d  f o r  t hese  two contiguous volumes, t he re  should be a conducting 

wal l  a t  t h e  dielectric-vacuum in t e r f ace .  In  any event, use of t h i s  

procedure r e s u l t s  i n  the  following equat ion:  

is  the  ve loc i ty  of l i g h t  i n  vacuum and E '  i s  the  r e a l  p a r t  of 
0 

2 
p2(f)df = 3K(cr)f df ? 

where 

and 

Comparing Eq. (6) with Eq. (5) w e  see t h a t  t he  e f f e c t i v e  d i e l e c t r i c  

constant  i s  

2/3 
8' (a) = (1 + ba) 

7 



To f ind the number of modes, N(Q'), i n  a lossless cavi ty ,  between 

frequencies f and f one simply i n t e g r a t e s  Eq. (61, thereby obta in ing  
1 2 

This equation says t h a t  N is  a l i n e a r  func t ion  of cy[see Eq. 

i n  s p i t e  of t h e  assumptions used i n  the  der iva t ion ,  has  been v e r i f i e d  

experimentally f o r  low-loss d i e l e c t r i c  f l u i d s  such as l i q u i d  hydrogen. 

( 7 ) ] ,  which, 

In  the l o s s l e s s  case, the  t o t a l  number of modes given by Eq. (10) 

would be observable, except f o r  degeneracies (two o r  more modes having 

the  same resonant f requencies) .  This assumes, of course, t h a t  w e  can 

only d i s t ingu i sh  modes on the  b a s i s  of t h e i r  resonant  f requencies  and 

t h a t  w e  have no  way t o  sample t he i r  f i e l d  pa t te rns .  

theory w e  have no way of computing the  number of degeneracies,  s i n c e  

t h e i r  number depends on the  d e t a i l s  of t he  boundary condi t ions.  I n  

general ,  i f  t he re  are no geometrical  symmetries i n  t h e  s t ruc tu re ,  t he re  

w i l l  be no degeneracies. W e  can t r y  t o  approximate the  e f f e c t  of 

degeneracies by mult iplying K ( a )  by a degeneracy f ac to r ,  N 

dens i ty  of modes becomes 

I n  t h i s  "Hohlraum" 

Then, t h e  
d' 

In  general, ).c i s  a func t ion  of the  frequency i n t e r v a l  (f f ) and of 

the  geometry of the  p a r t i c u l a r  cav i ty  of i n t e r e s t ;  thus, i t  must be 

determined empirically.  For s impl ic i ty ,  w e  w i l l  assume t h a t  H is not  

a funct ion of a, even though it  i s  l i k e l y  t o  e x h i b i t  some dependence 

on t h i s  variable.  

d 1' 2 

d 
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C. Density of Observable Modes--Lossy Case 

In the Bendix system, a probe i s  coupled i n t o  the  cav i ty  and the  

frequency i s  swept f r o m  f t o  f The modes are counted by not ing the  

peaks i n  the power absorbed by the  cavity--i.e., t he  d i p s  i n  the  power 

r e f l e c t e d  by the  cavi ty .  There are, of course, losses i n  the  cav i ty  

wa l l s  and i n  the d i e l e c t r i c  mater ia l ,  and a loading on the  cavi ty  caused 

1 2' 

by the  ex te rna l  measurement system. These e f f e c t s  combine t o  produce a 

f i n i t e  loaded Q f o r  each mode, which means tha t  the frequency response 

of each mode is not  a sharp  d e l t a  funct ion,  but  rather a broadened, 

Lorentzian func t ion  of t h e  form 

I 

where Q is the  loaded Q and f is the  resonant  frequency. L 0 

Now consider  t he  o v e r a l l  response of two adjacent  m o d e s  having the 

same Q but separa ted  i n  frequency by an amount v. The t o t a l  response 

is the  sum of two responses, each a func t ion  having the  form of Eq. (12). 

A study of t h i s  t o t a l  response shows t h a t  i f  

L' 

c 
L O  

v s -  
2QL 

, (13) 

the  response has only one peak and i t  occurs  a t  f = f -+ v/2. H e r e ,  

f is t he  resonant frequency of t he  lower-frequency mode. I n  o ther  

words, t he  t w o  modes cannot be resolved i n  frequency. On the  o t h e r  

hand, i f  v 2 f0/2QL, the re  a r e  two peaks and the  t w o  modes can be 

resolved. 

0 

0 

9 
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Hence, i f  a l l  modes have t h e  same loaded Q, t h e r e  is a c r i t i c a l  

frequency separa t ion  between modes below which no modes can be resolved. 

Now, 

of the  mode dens i ty  [Eq. ( l l ) ] .  Therefore, a t  t h e  c r i t i c a l  frequency, f 

w e  have 

the  frequency sepa ra t ion  between modes is  given by the  r ec ip roca l  

C ,  

1 f 

o r  

- 
f =  

C 
? 

where e is  a reference value of the  loaded Q. Again, i f  a l l  the  modes 
L - 

a l l  the  modes a r e  reso lvable  f o r  f requencies  
L Y  QL’ - have the  same Q 

- 
below f whereas above f none a r e  resolvable .  

CJ c -  

W e  can now def ine  a normalized frequency 

= f / f  
C 

and w r i t e  an expression f o r  the  observable mode dens i ty  a s  

where 

? 

The func t ion  p (1) is  obtained by r ewr i t i ng  pg(f)df [Eq. (1111 i n  

terms of 1 and making the  i d e n t i f i c a t i o n  of p,(q) with t h e  c o e f f i c i e n t  

of d1. 

(P 

1 0  



The funct ion  P(1)  gives  the p robab i l i t y  of observing a mode a t  t h e  

normalized frequency q. In  the case where a l l  t he  modes have the  same 

QL : 

P(7) = 1 f o r  0 < < 1 

and 

However, i n  a p r a c t i c a l  s i t u a t i o n  the  modes i n  the  frequency band 

(fly f ) w i l l  not  a l l  have the same Q - t h a t  is, there w i l l  be a 

s t a t i s t i c a l  d i s t r i b u t i o n  of values f o r  Q Our problem, therefore ,  is 

t o  f i n d  a p robab i l i t y  funct ion P(1) t h a t  accura te ly  reflects the  proper- 

L' - 2 

L* 

t ies  of t h i s  d i s t r i b u t i o n  and t h a t  reduces t o  Eq. (19) i n  the  s p e c i a l  

ca se  when a l l  t he  Q values  a r e  the  same. 
L 

The problem of f ind ing  P ( 1 )  i s  solved by not ing  the analogy between 

the mode-counting problem and the problem of counting the  number of 

e l e c t r o n s  i n  the  conduction band of a metal. The la t te r  case  is de- 
l 

scr ibed  by Fermi-Dirac s t a t i s t i c s ,  which a rebased  on two major 

assumptions : 

0 The p a r t i c l e s  a re  ind is t inguishable  

No more than one p a r t i c l e  may occupy a given energy 
s t a t e  (there are no degeneracies).  

11 11 To make the  analogy w e  may read mode" f o r  " p a r t i c l e "  and frequency" 

f o r  "energy." The modes i n  our case  a r e  ind i s t ingu i shab le  because w e  

only observe them a s  peaks i n  t he  absorpt ion of i nc iden t  energy and 

not as conf igura t ions  of electromagnetic f i e l d s .  W e  account f o r  

degeneracies by the  use of the f ac to r ,  )c * t h a t  is, degenerate  modes 

a r e  counted as only one mode. 
d '  

11 



In  the case of e lec t rons ,  the  p robab i l i t y  

a given energy s t a t e ,  E, i s  given by the  Fermi 

1 
F(E) = 

E - @F 

t h a t  an e l e c t r o n  occupies 

func t ion  : 

kT 
1 + e  

E where k i s  Boltzman's constant,  T is  the  abso lu te  temperature, and 4 

i s  the  Fermi energy ( leve l ) .  A t  a temperature of absolu te  zero, electrons 

occupy a l l  states up t o  the  Fermi l e v e l  and no s t a t e s  above it. There- 
- 

fore ,  @ is  analogous t o  the  c r i t i c a l  frequency, f and a temperature 

of absolute  zero  corresponds t o  the  case  where t h e  va lues  of loaded Q 

a r e  the  same f o r  a l l  modes. Having a d i s t r i b u t i o n  of ioaded-Q va lues  

the re fo re  corresponds t o  having a f i n i t e  temperature. 

F CJ 

Accordingly, w e  seek a p robab i l i t y  func t ion  of the  form 

The parameter y must be r e l a t e d  t o  the  d i s t r i b u t i o n  of Q This is 

bes t  accomplished by consider ing the  p robab i l i t y  dens i ty  func t ion  f o r  
L* 

QL, p(QL). 

(fl, f ) with a p a r t i c u l a r  value of loaded Q, d iv ided  by the  t o t a l  

number of modes i n  (f 

W e  take p (Q ) t o  be proport ional  t o  the  number of modes i n  
L 

2 

f2). Of course, w e  normalize p(Q ) so t h a t  
1' L 

The reader  w i l l  recall t h a t  

t h a t  Q' l i e s  between Q and 
L L 

value of (l/QL), l/GL, t h a t  

0 

the  quan t i ty  p(Q )dQ is  t h e  p robab i l i t y  

QL + dQL. Also, the  average or expected 

corresponds t o  t h e  given s t a t i s t i c a l  

L L  

12 



distribution is given by 

It is convenient, then, to work in terms of a normalized Q L' 5L' where 
\ 

- 
5 ,  = QL/QL 

We designate the corresponding probability density function for this 

normalized variable by the symbol ';(S ). L 

Note also that for each value of Q there is a corresponding 
L' 

critical frequency, f as given by Eq. (14). Thus, there is also a 
C, 

statistical distribution of critical frequencies. We define a 

normalized critical frequency, ll by the relation 
C' 

IC = f /f c c  ' 

- - 
L 

where f is the "average" critical frequency given by EQ. (15) when Q 

is given by Eq. (23). 
C 

There is also a probability density function for 

which we call q (7 ). 
TC, c c  

To relate qc(qc) and p(s ) [ p(5 ) is our measured quantity] we note 

L L L 

L L 
that the probability that 5 '  is between 5 and 5 + ds, must be the 
same as the probability that TJ' is between 7 and 7 + dTc. Hence, 

C C C 

From E q .  (15) we find that 

1 /3 
'llc = 5, 

13 



and 

Substituting these results in Eq. (26)  we find 

. 
that 

In practice, the probability density function for QL/BL, ;(St), 
would have to be determined empirically. Also, it need not be a 

symmetrical function. However, for the purposes of illustration and, 

hopefully, as a useful approximation, we will assume that i ( S  ) is a 

Gaussian function : 
L 

where 0 is the root-mean-square deviation of 5 from unity. From 

Eq. (28) we have 
L 

As the final step in this development. we assume that the following 

equivalence is valid : 

J 
0 

where P(7] ) is given by Eq. 

Equation (31) states that, if the test value of 11 is small (< l), the 

(21) and q (7)') is given by E q .  (30). 
C c c  

C 

14 



probab i l i t y  t h a t  there  are smaller values  of 7 i s  s m a l l ;  i f  the  test 

value of 7 i s  l a rge  (>l), the p robab i l i t y  t h a t  t he re  are smaller 

values  of 7 approaches unity. W e  regard t h e  assumption tha t  t h i s  

probabi l i ty  equals  1 - P(V ) as  highly plausible ,  but  w e  a r e  unable 

t o  supply a r igorous proof. The v a l i d i t y  of the  assumption, therefore,  

must be t e s t e d  by experiment. A s  a r e s u l t  of t h i s  assumption, w e  may 

w r i t e  an a l t e r n a t e  expression f o r  q (7 ) :  

C 

C 

C 

C 

c c  

or 

, 

W e  wish Eq. (30) t o  approximate Eq. (32) a s  c lose ly  as possible.  From 

Eq. (32), note  t h a t  

qc(l ? t) = 0.786 q (1) 
C 

I f  w e  apply t h i s  r e s u l t  t o  Eq. (30), w e  f i n d  t h a t  

4.32 y m -  
0 

(33 1 

(34 1 

Hence, our f i n a l  r e s u l t  is (assuming a Gaussian d i s t r i b u t i o n  f o r  the  

normalized Q values)  
L 

15 
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D. Comparison of Models 

The model t h a t  was developed i n  the  l a s t  subsect ion i s  compared 

i n  t h i s  subsection wi th  the model cu r ren t ly  used by Bendix. Bendix 

uses  an expression f o r  the  p robab i l i t y  of observing a mode t h a t  is 

d i f f e r e n t  from Eq. (21). When w e  write the  Bendix expression i n  terms of 

normalized frequency w e  ob ta in  

where i t  has been assumed t h a t  t h e i r  mode merging parameter is  equal  

t o  0.5. By using Eqs. (17), (18), (35), and (36) w e  ob ta in  t h e  t w o  

corresponding expressions for observed mode dens i ty :  

SRI : 

Bendix : 

The behavior of these two func t ions  is  compared i n  Figure 2 for severa l  

values of 0 .  A s  indicated,  t h e  two func t ions  behave d i s s i m i l a r l y  

except for  0 = 1. 

Thus, t h e  Bendix model seems t o  imply t h a t  a broad, but s ingle ,  

d i s t r i b u t i o n  of values ex i s t s  for the  loaded Q i n  every s i t u a t i o n ,  

whereas we know t h a t  t he  d i s t r i b u t i o n  of loaded Q values  can be d i f f e r e n t  

i n  each s i tua t ion ,  and a parameter t h a t  is  a measure of t h i s  d i s t r i b u t i o n  

should e n t e r  i n t o  t h e  mathematical model. Some adjustment of t he  Bendix 

model is poss ib le  by varying t h e i r  mode-merging parameter, @, but any 

s ign i f i can t  devia t ion  of t h i s  parameter from a value of 0.5 obscures 

i ts  physical meaning. Moreover, the  Bendix model does no t  produce the  

1 6  
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c o r r e c t  r e s u l t s  i n  the  l imi t ing  case  where t h e  loaded Qs of a l l  t h e  

modes a r e  the  same. 

* 
I t  probably would be impractical ,  without automated equipment t o  

measure the  loaded Q s  of, say, 1,000 modes (or resonances) t o  determine 

the  s t a t i s t i c a l  parameter 0 .  On t h e  o the r  hand, 0 can be considered as 

a curve f i t t i n g  parameter and i t s  approximate value determined from 

experimental gauging responses t h a t  are obtained using a scale-model 

tank (one might have to  assume something o the r  than a Gaussian d i s t r i -  

but ion f o r  t h e  loaded Q t o  obtain a good f i t ) .  However, even though one 

* 
Automated methods for measuring Q a r e  discussed i n  Appendix B. 
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uses an approximate value f o r  CJ, 

than the  Bendix model un less  i t  tu rns  ou t  t h a t  CT cJ 1. Physically,  

t h i s  s i t u a t i o n  would correspond t o  having the  loaded Q range from very 

low values t o  more than twice the  average Value. In  a l l  f a i rnes s ,  i t  

would not be unreasonable t o  expect such a d i s t r i b u t i o n  t o  occur 

occasionally i n  p rac t ice .  

t h i s  new m o d e l  should be more accura te  

For e i t h e r  model, the number of observable  modes, N (a), i n  the  
0 * 

frequency band (I-, I,) i s  obtained by i n t e g r a t i n g  p ( T )  from 1, t o  I,,. 
I L  

Depending on the  choice of t hese  l i m i t s ,  one can 

or a negative s lope for N (a). To see t h i s  i n  a 

w e  f i r s t  consider the  behavior of f (a) [see Eq. 

d i e l e c t r i c s ,  Q (a) does not change s i g n i f i c a n t l y  

0 

C - 
L 

I 4 

ob ta in  e i t h e r  a p o s i t i v e  

q u a l i t a t i v e  way, 

(15)]. For low-loss 

a s  a inc reases  (see 
- 

discuss ion  i n  Sect ion E.2),  and so  the  dependence of f on a i s  

determined by K(a). W e  see  tha t ,  a s  a increases ,  K(a) increases  [see 

Eq. (7)]  and so  f' (a) decreases.  However, f o r  high-loss d i e l e c t r i c s ,  

Q (a) decreases rap id ly  with increas ing  CY, and SO i n  t h i s  case f (CY) 

decreases  even more rapidly.  The ne t  r e s u l t  of t h i s  behavior is  tha t ,  

a s  CY increases  from 0 t o  1, 7 (CY) and 7 (a) move t o  the  r i g h t  along the  

absc issa  i n  Figure 2. The e f f e c t  on the  gauging response, N (a), of t h i s  

r e l a t i v e  motion of t he  end poin ts  of the  frequency band is i l l u s t r a t e d  

i n  Figure 3. The curves on the  left-hand s i d e  of the  f i g u r e  each 

represent  mode dens i ty  as a func t ion  of 7 i n  a t y p i c a l  case.  The curves 

on the  right-hand s i d e  of t he  f i g u r e  show the  corresponding gauging 

responses as func t ions  of CY. 

C 

- C - 
L C 

1 2 

0 

Figure 3 (a )  i l l u s t r a t e s  the  case  where the  end-point f requencies  

a r e  w e l l  below the  c r i t i c a l  f requencies  f o r  both the  empty and the  f u l l  

c a v i t i e s .  The c r o s s  hatched a reas  represent  the  i n t e g r a l s  of the  mode 

* 
Techniques f o r i n t e g r a t i n g  Eq. (37a) a r e  descr ibed i n  Appendix A. . 
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FIGURE 3 ILLUSTRATION OF HOW THE CHOICE OF FREQUENCY RANGE AFFECTS 
THE GAUGING RESPONSE 
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dens i ty  f o r  the empty and f u l l  cases.  In  t h i s  regime, mode merging is  

not  s ign i f i can t  and the  gauging response 1s a l i n e a r  func t ion  of CY; 

t h a t  is, the gauging response is  determined by K ( a )  and not by (a ) .  L 

Figure 3(b)  i l l u s t r a t e s  the  case where both end-point f requencies  

a r e  below the c r i t i c a l  frequency f o r  t he  empty cavi ty ,  bu t  one or both 

of the  end-point f requencies  a r e  above t h e  c r i t i c a l  frequency for t he  

f u l l  cavity.  In t h i s  case, t h e  gauging response first inc reases  somewhat 

a s  does the curve i n  Figure 3(a) ,  reaches a maximum, and then decreases. 

The exac t  shape of t h i s  curve depends on how 6 
course, upon 0. T h i s  f l a t ,  double valued curve i s  the  most unsa t i s f ac to ry  

kind of gauging response and cannot be used. 

v a r i e s  w i t h  CY and, of L 

Finally,  Figure 3 (c )  i l l u s t r a t e s  the  case where the  lower end-point 

frequency is wel l  below the  c r i t i c a l  f requencies  f o r  both the  empty and 

the  f u l l  cav i t i e s ,  whereas the  upper end-point frequency is  w e l l  above 

the  c r i t i c a l  frequency i n  both cases. I n  t h i s  case, w e  can show t h a t  

the i n t e g r a l  of the  mode dens i ty  is  e s s e n t i a l l y  independent of 0 ,  w i t h  

t he  r e s u l t  t h a t  

If Q (CY) = a constant,  
L 

0 3 dN 

dcu 
-- - -bK(0)fl . (39) 

Therefore, a gauging response w i t h  a cons tan t  negat ive s lope  would be 

observed i n  p r a c t i c e  if the d i e l e c t r i c  l i q u i d  i n  the tank were l o s s l e s s  

and the frequency l i m i t s  were chosen according to t h e  above prescr ip t ion .  

However, f o r  a lossy  dielectric l iqu id ,  such a s  l i q u i d  oxygen, t he  

20 



- 
gauging response i s  dominated by the behavior of Q (CY) and t h e  gauging 

response becomes very nonlinear [ see Figure 3 (c)]. 

t h a t  t h e  s lope  of the  gauging response f o r  a lossy  d i e l e c t r i c  t yp ica l ly  

i s  much g r e a t e r  than f o r  a l o s s l e s s  d i e l e c t r i c .  Thus, having a lossy  

d i e l e c t r i c  should improve t h e  measurement precis ion,  but only i f  the  

dynamic range of the  measurement system i s  l a r g e  enough t o  avoid m i s -  

counting the modes when the  f i l l i n g  of t he  cav i ty  with lossy  d i e l e c t r i c  

reduces the  measurement s ens i t i v i ty .  

L 
W e  note, however, 

This s o r t  of general  behavior of gauging response according t o  the  

choice of end-point frequencies was a l s o  noted by Bendix. For example, 

for l i q u i d  oxygen they s t a t e d  t h a t  the optimum choice would be f a s  

t h e  frequency where the  mode densi ty  f o r  t he  f i l l e d  tank w a s  a t  a maxi- 

mum, and f as the  frequency where the  fu l l - t ank  mode dens i ty  went t o  

zero. This choice is s i m i l a r  t o  the  case shown i n  Figure 3(c), but would 

r e s u l t  i n  an even more r a p i d l y  decreasing gauging response than t h a t  

shown i n  the  f igure .  This choice can probably be considered t o  be 

optimum f o r  lossy  d i e l e c t r i c  f l u i d s  (from the  po in t  of view of maximum 

measurement p rec i s ion ) ,  provided t h a t  t h e  coupl ing t o  the  f i l l e d  cavi ty  

i s  not so weak t h a t  modes become undetectable.  On the  o the r  hand, t he  

c r i t i ca l  frequency fo r  low-loss d i e l e c t r i c  f l u i d s  may be so high t h a t  a 

p r a c t i c a l  choice of frequency band leads t o  t h e  l i n e a r  response shown i n  

Figure 3(a).  In  t h i s  case, the choice of an optimum band might be based 

on the  a v a i l a b i l i t y  of components o r  on t h e  minimization of equipment 

complexity and cost. 

1 

2 

E. Accuracy and Limitat ions of the  Model 

Based on our  previous discussions,  w e  can i d e n t i f y  f o u r  problem 

areas t h a t  w i l l  1 i m i t . t h e  accuracy of t he  math model: 

(1) Breakdown of t h e  Hohlraum assumption f o r  nea r ly  
empty or  near ly  f u l l  c a v i t i e s .  
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(2)  P rac t i ca l  d i f f i c u l t i e s  i n  accu ra t e ly  determining - 
Q (CY) and u.  L 

(3) Degeneracies and spurious modes. 

(4) Variations i n  coupling. 

A discussion of each of these poin ts  follows. 

1. Breakdown of the  Hohlraum Assumption 

The theory assumes t h a t  t he  t o t a l  dens i ty  of modes i n  the  

cav i ty  is equal t o  the  sum of the dens i ty  of modes i n  the  dielectric 

ma te r i a l  and the dens i ty  of modes i n  the  vacuum. However, i f  only a 

small amount of d i e l e c t r i c  ma te r i a l  is  i n  the  cavi ty ,  the  subvolume of 

d i e l e c t r i c  ma te r i a l  i s  not  l a r g e  compared with an electromagnet ic  wave- 

length, which con t r ad ic t s  our bas i c  Hohlraum assumption. By comparing an 

exac t  ana lys i s  of a simple rec tangular  c a v i t y  t h a t  i s  p a r t i a l l y  f i l l e d  

w i t h  d i e l e c t r i c  ma te r i a l  w i t h  the  r e s u l t s  obtained from our theory, 

w e  f i n d  t h a t  t h e  t r u e  value f o r  the dens i ty  of modes i n  a small  volume 

of dielectric ma te r i a l  i s  always s l i g h t l y  less than the  value predic ted  

by the  Hohlraum theory .  This effect causes the  t h e o r e t i c a l  gauging 

response to  overest imate  the  t r u e  m o d e  count over the whole range of CY. 

This means that ,  f o r  a given value of mode count, t he  theory under- 

es t imates  the t r u e  va lue  of cy. In  the  example s tudied,  t h e  e r r o r  i n  CY 

was approximately 0.01, independent of CY. The corresponding percentage 

e r r o r  a s  a func t ion  of CY is shown i n  Figure 4. Obviously, f o r  small  

values  of cr t h e  percentage e r r o r  i n  CY becomes very large.  I n  pr inc ip le ,  

t h i s  e r r o r  i n  p red ic t ion  could be s i g n i f i c a n t l y  reduced f o r  a l l  but  t he  

very smallest  va lues  of CY i f  an appropr ia te  e f f e c t i v e  volume and 

d i e l e c t r i c  cons tan t  were used i n  the  theory. However, determinat ion of 

these  e f f e c t i v e  values  would r equ i r e  t ha t  some measurements be made on 

the  cavi ty  for var ious values  of CY, which might not  beworth the t rouble .  
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FIGURE 4 PERCENTAGE ERROR IN THE GAUGED VALUE OF a (assuming Aa = 0.01) 

A s i m i l a r  breakdown i n  the Hohlraum assumption occurs when the 

c a v i t y  i s  near ly  f u l l .  In t h i s  case the subvolume of vacuum (i.e, a i r )  

is  not  l a r g e  compared w i t h  a n  electromagnetic wavelength. In  addition, 

t he  s i t u a t i o n  can arise where m o s t  of t h e  m o d a l  energy r e s i d e s  i n  the  

dielectric material  and the modes i n  the  vacuum are  c u t  off, t h a t  is, 

the i r  f i e l d s  decay exponentially w i t h  distance.  This r e s u l t s  i n  t h e  

mode dens i ty  i n  t h e  vacuum being e f f e c t i v e l y  reduced even f u r t h e r .  

I 1  11 
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However, 

determined primarily by the  mode dens i ty  i n  the  dielectric mater ia l ,  

which i s  l a rge r  than t h a t  f o r  the  same s i z e  a i r  space i n  the "nearly 

empty" case, w e  would expect t he  p r e d i c t i v e  e r r o r s  caused by u n c e r t a i n t i e s  

i n  the  vacuum m o d e  dens i ty  t o  be r e l a t i v e l y  small. 

s ince the  t o t a l  mode dens i ty  i n  the "nearly f u l l "  ca se  i s  

2. Determination of (a) 
L- 

The symbol (a) represents  the  average va lue  of Q f o r  a L L 
p a r t i c u l a r  value of a. Since the  determinat ion of the average value 

r equ i r e s  a large number of measurements, it i s  only p r a c t i c a l  t o  make 

the measurements f o r  one value of cy, say CY = 0. Therefore, w e  need a 

r e l a t ionsh ip  t h a t  w i l l  allow us t o  p r e d i c t  6 f o r  o the r  values  of CY. L 

In general ,  the  loaded Q of a mode having a resonant  rad ian  

frequency of w is given by the r e l a t i o n  
0 

CP 
1 .I, 

where CP is t h e  sum of a l l  the  powers d i s s i p a t e d  i n  the  cav i ty  o r  

escaping from the  cavi ty ,  and W is the  t o t a l  energy s to red  i n  the  

e l e c t r i c  f i e l d .  Equation (40) is  usua l ly  w r i t t e n  i n  the  form 

c 
E 

1 1 - + -  1 - - -  
'L 'e 'u 

o r  

1 1 + B  
--L - 
&L QU 

. 

(40) 

(41al 

H e r e ,  Q 

d i s s ipa t ed  i n s i d e  the  cav i ty  (wall and d i e l e c t r i c  losses) ,  and Q is 

is the'bnloaded" Q t ha t  is  r e l a t e d  t o  the  power t h a t  i s  
U 

e 
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t he  “externa l”  Q t h a t  is re la ted  t o  t h e  power d i s s ipa t ed  i n  the  ex te rna l  

measuring system. Alternat ively,  t h e  coupling parameter @ may be used 

ins tead  of Q . Note t h a t  Q can be decomposed s t i l l  f u r t h e r  a s  fol lows:  
e U 

1 1 
- + -  1 

Qu ‘0 ‘d 

- - -  

where Q i s  determined by t h e  power d i s s ipa t ed  i n  the  w a l l s  and Q by 
0 d 

the power d i s s ipa t ed  i n  t h e  d i e l e c t r i c  ma te r i a l  i n s i d e  the  cavi ty .  

The quan t i ty  Q is  c a l l e d  the “ d i e l e c t r i c  Q. 

var ious Q f a c t o r s  i n  t u r n  t o  see how they might vary with cy. 

II W e  need to  consider  these 
d 

F i r s t  consider  Q I t  is  wel l  known from q u i t e  general  
0’ 

c o n s i d e r a t i o n s t h a t  f o r  any mode 

(43 

where f (a) is  the  resonant frequency f o r  a p a r t i c u l a r  value of a and 

B is a p ropor t iona l i t y  constant t h a t  is  independent of cy. Thus, each 

mode with a d i f f e r e n t  resonant frequency has a d i f f e r e n t  Q Now, a s  

the c a v i t y  i s  f i l l e d  w i t h  d i e l e c t r i c  mater ia l ,  a given mode a t  frequency 

f w i l l  be replaced by another mode t h a t  o r i g i n a l l y  had a higher  resonant 

frequency, Therefore, the  value of Q assoc ia ted  w i t h  a p a r t i c u l a r  

frequency f would not  depend on (Y except f o r  t h e  f a c t  tha t  t he  propor- 

t i o n a l i t y  factor B is, i n  general, d i f f e r e n t  f o r  each mode because of 

the  geometrical  e f f e c t s  associated with t h e  d i f f e r e n t  f i e l d  conf igura t ions  

0 

0 

0 ,  

0 

0 

0 

0 

of each mode. However, because there are many modes involved, it is 

reasonable t o  assume t h a t  t he  average value o f  (l/Q ) over  t h e  band 

(fl, fa) ,  l/Go, does not  depend on e-- that  is, w e  expect an increase  

Qo a t  one frequency t o  be compensated by a decrease i n  Q a t  another 

frequency. 

0 

0 

i n  
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Similarly, f o r  the  ex te rna l  Q, Q i t  can be shown t h a t  e' 

where B i s  a l s o  a p ropor t iona l i t y  constant .  Hence, w e  may use the  

same reasoning about Q (CY) a s  w e  d i d  f o r  Q (CY), and thus  w e  assume t h a t  

t he  average value of (1/Q ), 1 / G  

e 

e 0 
does not  depend on CY. 

e e' 

The d i e l e c t r i c  Q, Q is  d i f f e r e n t .  Suppose the  d i e l e c t r i c  
d' 

ma te r i a l  i n  the  c a v i t y  has a complex r e l a t i v e  dielectric cons tan t  of 

e' - j e  . 
f i l l e d  cavi ty  is given by 

#I Then a genera l  r e l a t i o n  fo r  the dielectric Q of a p a r t i a l l y  
2 

where W , is t h e  electric energy s tored  i n  t h e  d i e l e c t r i c  mater ia l ,  

W is the t o t a l  s to red  electric energy, and 
€ 

E 

I I  1 € 

In  general ,  the  f i l l i n g  fac tor ,  Y(cr), can be w r i t t e n  a s  

J a V  
Y ( a )  = . 

If, f o r  a l a rge  cavi ty ,  w e  assume 

2 lv/;l 2dV A V  E AV J 

(47) 
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where O V  is  any subvolume i n  V, then w e  ob ta in  

CY€' 

1 + CY(€' -1) 
Y (a) - (49) 

Analysis of a s i m p l e  c y l i n d r i c a l  cav i ty  p a r t i a l l y  f i l l e d  w i t h  d i e l e c t r i c  

ma te r i a l  shows t h i s  t o  be a good approximation. In  t h i s  approximation, 

Q (a) is the  same f o r  every mode and so the  average value of 1/Q (a) 

i s  the  same as 1/Q (a). 
d d 

d 

As a r e s u l t  of a l l  theassumptions discussed above, w e  can 

now use Eqs. (41a), (42), (45), and (49) t o  w r i t e  t h e  fol lowing 

expression f o r  the average value of the  r ec ip roca l  loaded Q: 

* 
From t h i s  equation, w e  can determine one of the three q u a n t i t i e s  

l/gL(0), l/ge, and l /Qo i f  the o t h e r  t w o  a r e  known. 

average r ec ip roca l  Qs, w e  must f i r s t  measure the loaded Q of a l l  the 

modes i n  the  empty c a v i t y  f o r  t he  frequency band (f f ) and then f i n d  

the  p robab i l i t y  dens i ty  funct ion p(Q ). U s e  of Eq. (23) then g ives  

l/GL(0). 

subsequent use of Eq. (23) with Q replaced by Q (or  Q g ives  l/e 

- 
To determine the  

1' 2 

L 
Similarly,  measurement of Q (or  Q ) f o r  a l l  the  modes and 

0 

0 e 

L 0 e 
(or  1/Q 1. e 

The poin t  i s  t h a t  t o  make such a l a r g e  number of Q measurements 

may o r  may not  be p rac t i ca l ,  depending on the  equipment ava i lab le .  One 

may be forced t o  l i m i t  the number of Q measurements t h a t  he makes and 

* 
N o t e  t h a t  t h i s  equat ion d i f f e r s  s l i g h t l y  from the one used by Bendix-- 
i.e., Eq. (2.31) i n  R e f .  5. 
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- 
thereby increase the  uncer ta in ty  i n  Q (a). Since N (CY) depends on L 0 - 
&,(CY), t h i s  uncer ta in ty  i n  6 (a) w i l l  in t roduce  an e r r o r  i n  t h e  gauging 

L 
response. The magnitude of t he  e r r o r  i n  gauging response w i l l  depend on 

the magnitude of 6 and the  choice of frequency l i m i t s .  
L 

Similar comments apply t o  the determinat ion of 0, s ince  p(QL) 

i s  a l s o  required. However, N (a) is  not a s  s e n s i t i v e  i n  genera l  t o  
0 - 

e r r o r s  i n  0 a s  i t  is  to e r r o r s  i n  Q (a). Alterna t ive ly ,  one could 

choose, a s  w e  have mentioned, t o  determine CT by consider ing i t  as a 

curve- f i t t ing  pa rame te r  and s e l e c t i n g  i ts  va lue  t o  provide the  bes t  

f i t  between the t h e o r e t i c a l  and measured gauging responses. 

L 

3. Degeneracies and Spurious Modes 

We have already mentioned the problem of degeneracies:  t w o  

o r  more modes ge t  counted a s  one mode and t h e  e f f e c t i v e  mode dens i ty  is 

less than tha t  pred ic ted  by theory. W e  a t tempt  t o  account f o r  t h i s  

e f f e c t  by mult iplying K ( a )  by a f a c t o r  H which, f o r  s impl ic i ty ,  w e  

assume i s  independent of a. The use of H is  equiva len t  t o  the use by 

Bendix of an e f f e c t i v e  volume.” The impl ica t ion  of t h i s  is t h a t  the 

same percentage of modes w i l l  be l o s t ,  r ega rd le s s  of whether t h e  t o t a l  

mode count i s  high or l o w .  

d’ 

d 
1 1  

The v a l i d i t y  of t he  assumption tha t  H does not  depend on a 
d 

is  uncertain.  I n t u i t i v e l y ,  w e  can v i s u a l i z e  t h e  in t roduc t ion  of 

dielectr ic  ma te r i a l  i n t o  the  cav i ty  a s  breaking some degeneracies,  while 

causing other previously nondegenerate modes t o  coalesce.  An a n a l y s i s  

of a p a r t i a l l y  f i l l e d  cav i ty  having a simple shape might i n d i c a t e  the 

degree of v a l i d i t y  of t h i s  approach, bu t  there w a s  no t  enough t i m e  t o  

carry out  such an ana lys i s  i n  t h i s  study. 

The parameter H can be determined empi r i ca l ly  from a measure- 
d 

ment of the empty-cavity m o d e  count. This determinat ion i s  m o s t  e a s i l y  
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accomplished when the  frequency band i s  chosen i n  correspondence w i t h  

Figure 2(a)  because 

This assumes t h a t  no modes a re  so badly undercoupled t h a t  they cannot 

be detected.  If t h i s  is  not  t rue,  H cannot be measured r ead i ly  unless  

t he  number of undetectable  modes is  known. 
d 

One must be concerned w i t h  spurious resonancesif  there a r e  

objects i n  the  cav i ty  t h a t  are  s u f f i c i e n t l y  decoupled from the  cav i ty  SO 

t h a t  they can support  t h e i r  own high-Q resonant  modes. For example, 

such an ob jec t  might be a ladder i n  the f u e l  tank. If such spurious 

modes a r e  detected,  it is not a fundamental problem because i t  should 

always be poss ib le  t o  design any extraneous o b j e c t s  i n  the cav i ty  so 

t h a t  t he  Q of any self-resonance is much lower than the  Q of the  cav i ty  

modes, Without damping the cavi ty  modes. 

4. Variat ions i n  Coupling 

One reason t h a t  va r i a t ions  i n  coupling occur i s  because the  

i n t e r a c t i o n  of a mode wi th  t h e  coupl ing element (probe, loop, and the 

l i k e )  depends very much on t h e  e lectromagnet ic  f i e l d  conf igura t ion  of 

t h a t  mode. The f a c t  that  the cav i ty  is  l a r g e  compared with a wavelength 

does not change the  s i t ua t ion .  By t h e  s a m e  token, the  Hohlraum theory 

cannot p red ic t  t h i s  effect-- that  is, the  l o s s  of observable modes 

through i n s u f f i c i e n t  coupling. The b e s t  w e  can do is  t o  mult iply N 

by a f a c t o r  K t o  t r y  t o  take account of t h i s  reduct ion  i n  mode count 

i f  i t  occurs. L i k e  K K must be determined empir ical ly ,  and it  is 
d’ s 

d i f f i c u l t  t o  measure i f  degeneracies also occur. 

0 

S 
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In prac t ice ,  i t  would be best t o  avoid having i n s u f f i c i e n t  

mode coupling, i f  possible.  One approach f o r  accomplishing t h i s  is  t o  

use a "space d i v e r s i t y "  probe l i k e  t h a t  cu r ren t ly  being used by Bendix. 

In  t h i s  way, modes t h a t  a r e  not de tec ted  by one probe a r e  l i k e l y  t o  be 

de tec ted  by another, having a d i f f e r e n t  l oca t ion  and/or o r i en ta t ion .  

A v a r i a t i o n  i n  coupling t h a t  occurs f o r  every mode and t h a t  

is impl i c i t l y  contained i n  theory is  the  one t h a t  occurs  when a lo s sy  

d i e l e c t r i c  ma te r i a l  begins t o  f i l l  the cavi ty .  This v a r i a t i o n  i n  

couplipg i s  descr ibed by t h e  average coupling parameter, 8 .  The 

fol lowing equation f o r  i s  obtained from Eqs. (41b), (42), and (50): 

- 

If w e  def ine  

and 

Eq. (52) becomes 

A p l o t  of i/i 
values  of f3 

a s  a func t ion  of cy is  shown i n  Figure 5 f o r  s eve ra l  

W e  see tha t ,  f o r  f i n i t e  values  of is 
e - 

the coupling t o  t h e  
d. d' 

cav i ty  decreases a s  a increases .  For l i q u i d  oxygen, a t y p i c a l  value 

f o r  is  a number g r e a t e r  than 10. Therefore, i n  t h i s  ca se  w e  can 
d 
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FIGURE 5 VARIATION OF COUPLING FACTOR WITH VOLUME FILLING FACTOR 

expect  an order  of magnitude reduct ion i n  the  average coupl ing a s  t he  

cav i ty  is  f i l l ed .  Hence, the  coupling f a c t o r  fo r  the  empty cav i ty  and 

t h e  s e n s i t i v i t y  of the  de tec t ion  s y s t e m  should be l a r g e  enough so t h a t  

modes a r e  not  undetected when the cav i ty  is  f i l l e d .  

F. Comparison of Theory and Experiment 

Now t h a t  w e  have discussed t h e  t h e o r e t i c a l  math model i n  d e t a i l ,  

i t  is  of i n t e r e s t  t o  compare the theory w i t h  some experimental  da t a  t h a t  

have been obtained by Bendix. 

to  us  was obtained f o r  the  Bendix cryogenic tank. 3,4 

there were not  enough da ta  per ta in ing  to  Q t o  allow us t o  determine p(Q ). 

Therefore, w e  used s i m p l e  arithmetic averaging of the ava i l ab le  da t a  

to  estimate t h a t  

The most complete set of d a t a  ava i l ab le  

Unfortunately, 

L 
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- 
Q~ = 13,000 

and 

- 
j3 = 0.24 
e 

The other parameters given for the system were 

fl = 1.03 GHz, 

f = 2.0 GHz, 
2 

and 
3 

V = 0.8876 m 

Final ly ,  the corresponding material parameters were : 

Liquid  hydrogen: 

E l  = 1.2 

b = 0.31 

- -3 pd = 1.1 x 10 

Liquid oxygen : 

€ '  = 1.5 

e'' = 0.00136 

b = 0.84 

From the given volume and the known v e l o c i t y  of l i ght ,  w e  f i n d  that 

-25 - 2.75 x 10 K ( 0 )  = y - 8 KV 

3cd 
0 

32 

(55) 



F i r s t ,  consider  the experimental da t a  f o r  l i q u i d  hydrogen shown i n  

Figure 6. In  t h i s  case, w e  c a l c u l a t e  t h a t  f (0) = 3 . 2  GHz and 
C 

0.33  and 0.67, which means t h a t  t he  T l  2 2 (1) = 2 . 9  GHz. 

gauging response should be l i n e a r  i f  0 5 0.4. 

gauging response shown i n  Figure 6 is  indeed l i nea r .  W e  note  t h a t  

N (0) = 1450, so from Eq. (51), w e  f i n d  t h a t  

Hence, 
C 

We see t h a t  the  measured 

0 

N. = 0.764 
d , 

where w e  assume t h a t  no modes have been l o s t  because of i n s u f f i c i e n t  

coupling. Now, because our frequency band is w e l l  below the  c r i t i c a l  

frequency, w e  can use Eq. (lo), mult ip l ied  by ).t t o  c a l c u l a t e  t he  

gauging response. This r e s u l t  is  a l s o  shown i n  Figure 6. Since the  

s lope of t h i s  curve  does n o t  match t h a t  of t h e  measured curve, 

d’ 
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FIGURE 6 COMPARISON OF MEASURED AND THEORETICAL GAUGING RESPONSES 
FOR BENDIX CRYOGENIC TANK AND LIQUID HYDROGEN 
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w e  must conclude that the value of the d i e l e c t r i c  constant used i n  

the theory was not the same a s  that  of the actual  f l u i d .  

The experimental data obtained fo r  l iqu id  oxygen i n  the same cryogenic 

tank are shown i n  Figure 7 a s  the heavy s o l i d  curve. W e  immediately 

I I I I I I I I - 
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- 
- 
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FIGURE 7 COMPARISON OF MEASURED AND THEORETICAL GAUGING RESPONSES 
FOR BENDIX CRYOGENIC TANK AND LIQUID OXYGEN 
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note  adiscrepancy which we cannot expla in :  N ( 0 )  i n  t h i s  case i s  

d i f f e r e n t  from the value obtained i n  t h e  liquid-hydrogen case. 

Apparently, t h i s  means t h a t  something i n  the  s y s t e m  changed between 

measurements. 

0 

To complete our t h e o r e t i c a l  comparison, w e  have no choice but t o  

use the  value of K obtained from the liquid-hydrogen data--that is, 

Eq. (56). The l i g h t  s o l i d  c u r v e s  i n  Figure 7 show the  corresponding 

responses t h a t  w e  c a l c u l a t e  f o r  two d i f f e r e n t  values of u.  For 

comparison, t he  dashed curve shows the  t h e o r e t i c a l  r e s u l t s  computed by 

Bendix using t h e i r  math model. The f a c t  tha t  t h e i r  curve does not 

agree with our 0 = 1 curve ind ica t e s  t h a t  they must have used d i f f e r e n t  

values f o r  the  parameters. 

d 

None of these  theo re t i ca l  curves  agree w e l l  w i t h  t h e  measured 

curve. If w e  compute the  values f o r  the  c r i t i c a l  frequency, w e  f i n d  

t h a t  

f' ( 0 )  = 3.2 GHz, 
C 

which means t h a t  

and 

Similarly,  

which means t h a t  

f' (1) = 1 . 2  GHz, 
C 

1,(1) = 0.86 
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and 

7 n (1) = 1.67 

Thus, we see t h a t  the  case  shown i n  Figure 3(b)  is appl icable .  

t o  make our t h e o r e t i c a l  curve come c l o s e r  t o  the measured curve, w e  

must assume a lower value f o r  the  loaded Q so t h a t  t he  c r i t i c a l  frequency 

w i l l  be lower [see Eq. (15)]. The broken curves i n  F igure  7 show two 

examples of t h e  r e su l t s  t h a t  a r e  obtained when lower -values ( r e s u l t i n g  

i n  lower Q ) a r e  assumed. A s  i nd ica t ed  i n  the  f igure ,  the  assumption 

of a f a i r l y  l o w  6 
experiment, provided t h a t  t he  parameter CY is  a l s o  varied.  I t  appears 

t h a t  f u r t h e r  v a r i a t i o n  of t h e  parameters i n  the  model might provide 

b e t t e r  agreement. 

Therefore, 

0 - 
L 

r e s u l t s  i n  much b e t t e r  agreement between theory and 
0 

Unfortunately, t h i s  example does not prove the  v a l i d i t y  of the 

model. The model seems t o  p red ic t  the  r i g h t  kind of genera l  behavior 

f o r  the  gauging response, provided the  proper parameter values  a r e  

used. Although w e  have not shown t h a t  it i s  poss ib le  t o  measure 

these  parameters, w e  f e e l  t h a t  i t  should be poss ib l e  t o  do so i f  

enough Q measurements a r e  made, and i f  the  s y s t e m  i s  s t a b l e  so t h a t  the  

da t a  a r e  repeatable.  
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I11 GENERAL MICROWAVE RESONATOR AND SYSTEM CONSIDERATIONS 

A. Resonator Coupling 

A f t e r  extensive experimentation, Bendix has adopted--as i t s  

d e f i n i t i v e  method f o r  coupling t o  the  microwave resonances of the f u e l  

tank--a composite probe comprising four elements, each of which is  bes t  

described as a short  E-field prebe. (Dcscribing them 8 s  "iiiofiop01es" is 

not  recommended because the  ground plane f o r  each "whip" is not  c l e a r l y  

defined and the  length of each "whip" is  not intended t o  be quarter-  

wave resonant.)  The o r i en ta t ions  of the four  elements are "randomized" 

(within reason, i n so fa r  as mechanical convenience has allowed) and the  

average s p a t i a l  separat ion i s  about one-fourth the mean operat ing 

wavelength (see Figure 5-10 of Reference 4). 

Since no theory could adequately comprehend a l l  the f a c t o r s  

involved, it can be accepted tha t  t h i s  arrangement is  adequate, and 

perhaps optimum, i f  empirical  s tud ie s  (i.e., experimentation w i t h  

d i f f e r e n t  or ien ta t ions ,  separat ions,  and numbers of probe elements) have 

not  produced a coupler giving b e t t e r  r e s u l t s  f o r  the p a r t i c u l a r  tank, 

d i e l e c t r i c  f lu id ,  and frequency range of i n t e r e s t .  

may be in t e rp re t ed  simply as indica t ing  an observed mode count tha t  is 

higher,  and presumably c l o s e r  t o  the  t h e o r e t i c a l ;  no coupler can in t ro -  

duce counts t h a t  should not  be there ,  but a less than idea l  coupler can 

allow modes t o  go uncounted. Because t h i s  probe samples d i f f e r e n t  

d i r e c t i o n s  i n  space, and because it is assumed t h a t  the  cav i ty  dimensions 

a r e  very much l a r g e r  than a wavelength, the pos i t i on  of the  probe i n  t h e  

cav i ty  should not  matter. 

" B e t t e r  r e su l t s "  
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The elements of the  Bendix multiprobe coupler  are no t  f ed  i n  

p a r a l l e l .  Rather, they a r e  fed  s ing ly ,  i n  t i m e  sequence, with the 

r e s u l t a n t  four  s e t s  of mode de tec t ion  d a t a  processed appropr ia te ly .  

"Appropriately" here means t h a t  a t  any one frequency a mode should be 

counted even if it is "seen" by only one of t h e  probes.  A t  the  same 

t i m e ,  a mode should be counted no more than once even when i t  i s  "seen" 

by a l l  four probes. 

these  c r i t e r i a ,  ra ther  than considered as merely "summing" and 

The processing used should be made r e l evan t  t o  

II "averaging. For example, suppose a c e r t a i n  frequency i n t e r v a l  contained 

M + P resonant modes, where M modes coupled t o  a l l  fou r  probes and P 

modes coupled t o  only one probe. "Summing" and "averaging" the fou r  

output  counts (as suggested on Page 55 of Reference 4) would i n c o r r e c t l y  

y i e ld  M + P/4 modes. 

counting, however, could give a c o r r e c t  r e s u l t .  

Summing and averaging the video waveform p r i o r  t o  

One may ask i f  it would not  be s impler  and cheaper t o  connect 

t he  d i v e r s i t y  probe elements i n  p a r a l l e l  rather than switch t h e m  

sequent ia l ly .  As a general  p r inc ip l e ,  yes, but  a s  a p r a c t i c a l  poss i -  

b i l i t y ,  no. Over the  wide frequency range required,  the  f i n i t e  lengths  

of transmission l i n e  between elements would lead t o  wild f l u c t u a t i o n s  

of the  o v e r a l l  input  impedance, and a t  some frequencies  one or t w o  of 

the probes might be fed no power a t  a l l .  The phases of t he  e x c i t a t i o n  

of t he  severa l  probes could also poss ib ly  be such as t o  produce zero 

n e t  coupling t o  some resonant mode i n  t h e  tank, whereas t h i s  is un l ike ly  

with only one probe fed a t  a t i m e ,  and the  remaining probes i s o l a t e d  a t  

t h a t  time. The techniques c u r r e n t l y  i n  use (assuming c o r r e c t  mode- 

p a t t e r n  processing)  the re fo re  appear j u s t i f i a b l e .  

The coupling t o  a resonant mode i n  a c a v i t y  can e i t h e r  be under, 

over, o r  c r i t i c a l l y  coupled, as is  w e l l  known. In  examining t h e  

frequency swept reflected s i g n a l  from the  coupling probe, t he  "suck out" 

(or "dip") w i l l  be deepest a t  c r i t i ca l  coupling. With under coupling, 
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the  "suck out" w i l l  be less deep, but i t s  width w i l l  be narrower. 

the  present  means of processing the video waveform t o  d e t e c t  resonances, 

the increased narrowness of the  suck out" might increase  i ts  chances of 

de tec t ion  about a s  much as  the decreased depth may have lessened the 

chances. I t  is  apparent, therefore,  s ince  the t i gh tness  of coupling 

must vary widely from mode t o  mode, t h a t  the  bes t  approach is t o  keep 

the  probes s u f f i c i e n t l y  shor t  so t h a t  the undercoupl ing  condi t ion w i l l  

predominate. C r i t i c a l  coupling would then a l s o  be observed f o r  some 

modes, but ove rcoup l ing  only r a re ly .  With over-coupling, the "suck 

outs"  a re  both wider and shallower, and the  chances of de t ec t ion  doubly 

worsened. 

With 

I? 

* 
I t  is of i n t e r e s t  t o  note t h e  technique used by microwave oven 

manufacturers t o  couple i n t o  t h e i r  over-moded resonators .  Their coupler 

(usua l ly  a waveguide i r is  only s l i g h t l y  smaller  than the  feed waveguide 

with which it is combined) is  pre-adjusted t o  be matched in to  free 

space. This coupler is  then found t o  be about optimum over  a wide range 

of oven loadings (with foodstuffs,  p l a s t i c s ,  and so on). This r e s u l t  

is cons is ten t  with the  p ic ture  t h a t  the  Q values are q u i t e  l o w  and 

t h a t  t he  input  energy makes r e l a t i v e l y  f e w  "bounces" around the  chamber 

before i t  is absorbed. The loca t ions  of t he  feed, the stirrer (which 

is o f t en  designed remarkably l i k e  the  revolving mirrors  i n  a dance 

h a l l ) ,  and the  mater ia l  t o  be heated a r e  a r r ived  a t  by assuming the  RF 

energy a r r i v e s  along a s t r a i g h t  l i n e  path and "bounces of f"  t he  

conducting surfaces  f o r  j u s t  a few passes.  I n  t h i s  case  (with t i g h t  

coupling and l o w  Q 1, it is  evident t h a t  a m u l t i p l i c i t y  of modes is 

being exci ted (it  takes many modes t o  synthesize a plane wave) even 

though the  frequency is singular,  and even when the  "stirrer" is  not 

L 

* 
Gerling Moore, Inc., p r iva te  communication. 
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\moving. 

comparable s i t u a t i o n  i n  the f u e l  tank gauging system would the re fo re  

be highly undesirable.  T h i s  discussion,  hopefully,  c o n t r a s t s  the 

"microwave oven" and " fue l  tank'' s i t u a t i o n s .  I n  p a r t i c u l a r ,  the  idea  

of an antenna r a d i a t i n g  i n t o  free space and " i l luminat ing" ( w e l l  or 

badly) the i n t e r i o r  of the f u e l  tank is  inappl icable .  

In o the r  words, w e  may say t h a t  many modes have "merged." A 

B. Resonator Geometry 

The basic  premise of a cav i ty  with very l a r g e  dimensions compared 

with a wavelength leads  to  the  conclusion tha t  the  t o t a l  mode count 

over a given frequency range depends only on t h e  volume enclosed and 

not  on the  s p e c i f i c  dimensions of the  cav i ty  or i ts  shape. Per turbat ions,  

except for the  effects of l o s ses  which may make a mode more d i f f i c u l t  

t o  count i n  the  experimental s i t u a t i o n ,  should therefore  only a l t e r  

the t o t a l  mode count i n  proport ion t o  the  per turb ing  volume. T h i s  

means tha t  the  i n s e r t i o n  of s t r u t s ,  ladders,  probe supports,  and t h e  l i k e ,  

i n t o  the cavi ty  should only r e s u l t  i n  a mode count that  i s  appropriate  

t o  the f i n a l  volume, though care should be excercised t o  avoid the  

introduct ion of l o s sy  mater ia l s ,  r e s i s t i v e  contac ts ,  and so on. One 

should a l so  be aware of t he  p o s s i b i l i t y  t h a t  the i n s e r t i o n s  may c r e a t e  

p a r t i a l l y  shielded 

length.  

e f f e c t i v e  electrical volumes w i l l  be less than the i r  phys ica l  volumes 

by an amount which is d i f f i c u l t  t o  p red ic t .  

11 subvolumes" w i t h  dimensions comparable t o  the wave- 

Such subvolumes w i l l  reduce the  mode count because t h e i r  

I t  i s  poss ib le  t h a t  a per turba t ion  of the  c a v i t y  (e.g., a s t r u t  

or ladder)  might support  i t s  own resonance, o r  series of resonances, i n  

the frequency range of i n t e r e s t .  The dependency between total  mode 

count and d i e l e c t r i c  f i l l i n g  might then be thrown o f f .  I n  t h e  case o f  

the  fue l  tank, i t  appears inconceivable t h a t  such resonances (e.g., from 

40 



11 a slot  of cr i t ical  length)  might be so screened of f"  from the  tank 

volume t h a t  a narrow "suck out" would appear i n  the  frequency swept 

video waveform--that is, only i n  the most un l ike ly  case of a high-Q 

p a r a s i t i c  resonator being but weakly coupled t o  the  f u e l  tank volume 

would the  d ip  appear i n  the t race .  An example of such a p a r a s i t i c  

resonator  de l ibe ra t e ly  contrived t o  i l l u s t r a t e  the  e f f e c t  (and the 

unlikelihood of i t s  occurring by accident)  would be a small, hollow, 

metal volume interconnect ing with the  f u e l  tank by means of only a 

small hole. 

For c a v i t i e s  w i t h  symmetry about one o r  more axes, "degeneracies" 

indeed occur, and the  modes t h a t  can be counted are fewer than the  

number t h a t  ac tua l ly  e x i s t .  In the  case of a cav i ty  whose dimensions 

a r e  only a few t i m e s  l a r g e r  than a wavelength, d i s t o r t i n g  a w a l l  o r  

introducing some o the r  symmetry destroying pe r tu rba t ion  does e f f e c t i v e l y  

"break up'' the  degeneracies and increase  the  t o t a l  mode count. 

In  the  case of c a v i t i e s  with dimensions very l a rge  compared with a 

wavelength, however, t he  s i t u a t i o n  is q u i t e  d i f f e r e n t .  The mode dens i ty  

is very high and the  spacing between most modes is  small. Any per tur-  

ba t ion  capable of resolving a degeneracy by frequency s h i f t i n g  one of 

two merged modes enough f o r  it to  be countable could, with equal l i k e l i -  

hood, s h i f t  it i n t o  superposi t ion with some o the r  nearby mode. 

is no choice but t o  conclude t h a t  it is  p o i n t l e s s  t o  even consider  

solving the  "degeneracy problem" through d e l i b e r a t e  in t roduct ion  of 

deformations o r  per turba t ions  i n t o  the t r u l y  l a r g e  cavi ty .  An asym- 

met r ica l  loca t ion  o r  o r i en ta t ion  of the  coupling probe could, however, 

have m e r i t ,  but only as an addi t iona l  degree of d i v e r s i t y  f o r  a 

d i v e r s i t y  type probe. 

There 

When a l l  cav i ty  dimensions a re  l a r g e  compared with the  wavelength, - 
the  unloaded Q, Qu = Q, (assuming i d e a l  lossless d i e l e c t r i c  f i l l h g )  
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should not be enormously a f f ec t ed  by whether t h e  c a v i t y  i s  r een t r an t  

or not .  However, t he  Q f o r  the  r e e n t r a n t  case should be somewhat lower 

than  for  the nonreentrant  case, s ince  l o w e r  volume-to-surface ra t ios  

w i l l  be encountered ( l o c a l l y  o r  g loba l ly ) .  Experimental observa t ions  

ind ica t ing  a s i g n i f i c a n t l y  reduced Q 

be caused by a r t i f a c t s  such a s  e x t r a  r e s i s t a n c e  i n  a welded j o i n t .  

0 

i n  t he  r e e n t r a n t  case might w e l l  
0 

The e f f e c t s  of i n t e r m i t t e n t  c o n t a c t s  and excess ive  resistance i n  

a welded or clamped j o i n t  can be cons iderable  when t h e  Q 

of t hese  e f f e c t s  can p o t e n t i a l l y  be q u i t e  high. 

cav i ty  a l l  of whose dimensions a r e  very l a r g e  compared with wavelength 

l eads  t o  the conclusion t h a t  changes of c a v i t y  shape or p o s i t i o n  of 

i n t e r n a l  ob jec t s  tha t  do not  a l te r  the ne t  volume cannot affect the  

mode count. Therefore, r i g i d i t y  (of a probe and the  l i k e )  should not 

have t o  be maintained, i n  p r i n c i p l e .  

r e l a t i v e  motion between p a r t s  t h a t  are observed would probably be 

t raceable  to  the effects of i n t e r m i t t e n t  or l o s sy  con tac t s  near  a j o i n t .  

i n  the  absence 
0 

The bas i c  premise of a 

Any de t r imenta l  e f f e c t s  caused by 

Threaded j o i n t s  are notor ious ly  l o s s y  and u n r e l i a b l e  a t  microwave 

frequencies.  

occurring a t  a few w e l l  separated po in t s .  Threaded j o i n t s  should 

ca t egor i ca l ly  be avoided un le s s  t h e  circumference of one tu rn  of the 

thread is  a very s m a l l  f r a c t i o n  of t h e  smallest wavelength. When a 

p o r t i o n  of a c a v i t y  w a l l  must be demountable, a 

design--with p re s su re  appl ied a t  a m u l t i p l i c i t y  of points-- is  

recommended. 

Even when the  f i t  appears t i g h t ,  con tac t s  may only be 

" b i t i n g  edge" contact 

C. Fuel Movement 

The m o s t  fundamental assumption on which the  chosen f u e l  gauging 

method has been based i s  t h a t  t he  to ta l  number of modes of resonance 

poss ib l e  ( i n  a given frequency range) i s  independent of t h e  l o c a t i o n  or 
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d i s t r i b u t i o n  of the d i e l e c t r i c  ma te r i a l  t h a t  may p a r t i a l l y  f i l l  the  

cavi ty .  

a r e  l a rge  compared with a wavelength; the l a r g e r  t he  r a t i o  of cavi ty  

dimensions t o  a wavelength t h e  g rea t e r  the  accuracy and consistency of 

T h i s  assumption becomes j u s t i f i e d  when a l l  cav i ty  dimensions 

the  r e s u l t s  based on t h i s  assumption. For the l a r g e  r a t i o s  appl icable  

t o  the system being studied, the va r i a t ion  i n  the t o t a l  number of modes 

possible ,  occurring as a given amount of f l u i d  changes shape o r  

pos i t i on  i n  the  tank, should be very s m a l l .  

However, i f  the movement of t he  f u e l  could somehow a f f e c t  the  

coupling between the  probe(s)  and the  cavi ty ,  the observed mode count 

might change whenever the  coupling became too  weak o r  too  strong. For 

example, one might v i sua l i ze  the case of a s u b s t a n t i a l  quant i ty  (say, 

of the  order  of ha l f  t he  tank volume) of high d i e l e c t r i c  constant,  

low-loss f l u i d  moving to  t h e  tank end f u r t h e s t  from the  coupling probe. 

The concentrat ion of s tored  energy i n  t h e  d i e l e c t r i c  could w e l l  make 

Q much higher (weaker coupling) than when the  f l u i d  is c lose r  t o  the  

probe. 
e 

A more l i k e l y  e f f e c t  is  the change i n  the e l e c t r i c a l  p rope r t i e s  

of the  probe(s)  t h a t  immersion i n  a f l u i d  of a r b i t r a r y  d i e l e c t r i c  

constant  and l o s s  f a c t o r  might produce. E i t h e r  an increase  o r  a 

decrease i n  the  a b i l i t y  t o  count a l l  the cav i ty  modes might then occur 

as the  f l u i d  moved toward the probe(s) .  

In  conclusion, one is compelled merely to  recommend t h a t  the 

coupling probe(s)  be designed and adjusted so t h a t  the highest  poss ib le  

mode count (fewest modes l o s t  because of inadequate coupling) is 

obtained with a given f i l l i n g  of f u e l  (or  simulated f u e l )  located i n  

the  worst poss ib le  (empirically determined) pos i t i on  with regard t o  

the coupling e f fec t iveness  of t he  probe(s1. 
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D. Temperature Ef fec t s  

The poss ib le  e f f e c t s  of changes i n  temperature on the  f u e l  gauging 

system should be divided i n t o  t w o  types:  (1) effects t h a t  change t h e  

t o t a l  number of modes t h a t  can e x i s t  i n  t he  cavi ty ,  and (b) e f f e c t s  

t h a t  a f f e c t  t he  obse rvab i l i t y  of t he  e x i s t i n g  modes. 

I n  category (a) w e  have the  following poss ib l e  e f f e c t s :  

Changes i n  t h e  volume of t he  tank because of 
temperature-induced expansions o r  cont rac t ions  
of t h e  metal w a l l s .  

Warping o r  changes i n  the  shape of t he  tank. 

Changes i n  t h e  d i e l e c t r i c  cons tan t  of the  
dielectric f l u i d  i n  the tank. 

Changes i n  the  d i e l e c t r i c  p r o p e r t i e s  of t he  foam 
insu la t ion  sometimes used as a l i n e r  wi th in  the 
cavi ty ,  between the  f l u i d  and the  m e t a l  tank (and 
of any o t h e r  d i e l e c t r i c  ob jec t s  t h a t  might be i n  
the tank) .  

The changes i n  t h e  number of e x i s t i n g  modes produced by e f f e c t s  (l), 

(3), and (4) should a l l  be pred ic tab le ,  and can be taken i n t o  account 

when necessary. 

sensors  and a compilation of the seve ra l  temperature c o e f f i c i e n t s  

involved. The change caused by e f f e c t  (2)  should be n i l ,  as discussed 

i n  Section 111-B. 

This may requi re  the  use of one or more temperature 

The poss ib l e  e f f e c t s  t o  be enumerated under category (b) are: 

(1) Changes i n  the RF loss i n  t h e  c a v i t y  w a l l s  or i n  t h e  
d i e l e c t r i c  material wi th in  the  cavi ty .  

(2) Changes i n  t h e  coupling t o  t h e  cavi ty .  

Both e f f e c t s  (1) and (2) a l ter  the  loaded Q of t h e  cavi ty ,  and hence 

they a f f e c t  t he  obse rvab i l i t y  of modes because they a f f e c t  t h e  depth 
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of a '(suck out r t  and the  degree t o  which the  modes merge. 

loaded Q is  dominated by one source of loss--for example, by the  loss 

i n  the  d i e l e c t r i c  fluid--then changes i n  w a l l  l o s s e s  or coupling are 

not  l i k e l y  t o  have a s ign i f i can t  effect. On t h e  o t h e r  hand, f o r  low-  

loss f l u i d s ,  e f f e c t s  caused by changes i n  w a l l  l o s s e s  or i n  coupling 

are more l i k e l y  to  be noticeable.  N o t e ,  however, tha t  although t h e  

coupling might be a f f ec t ed  i f  t he  coupling probe elements employ 

dielectric materials or metals whose p r o p e r t i e s  change s i g n i f i c a n t l y  

w i t h  temperature, it i s  hard to  conceive t h a t  such e f f e c t s  would be 

apprepiable 

If the  

E. D a t a  Processing 

Consider the  representa t ive  fragment of "detected mode pa t te rn"  

of Figure 8, as suppl ied by Bendix (Figure 4-10, Reference 5) .  In  

t h e  frequency i n t e r v a l  A (and assuming t h e  modes t o  be counted are the  

upward poin t ing  sp ikes) ,  four  modes would be counted by the  Bendix 

signal-processing methods. These four  sp ikes  have roughly the  same 

width, which is  about as narrow as any of t h e  modes i n  the e n t i r e  mode 

pa t t e rn .  However, i t  is  poss ib le  t o  v i s u a l i z e  tha t  t hese  four  modes 

FREQUENCY - 
2.1 TO 2.25 GHz 

SA-3854-7 

FIGURE 8 REPRESENTATIVE DETECTED MODE PATTERN. 
Source: Figure 4-10, Reference 5. 
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I 

1 1  are 

w i d t h  i s  roughly A .  The c o r r e c t  count for  frequency i n t e r v a l  A should 

then be f ive.  

r iding" on a mode of s u b s t a n t i a l l y  l o w e r  Q --that is, a mode whose 
L 

Similar ly ,  v i s u a l  inspec t ion  of the i n t e r v a l  B suggests  t h a t ,  i n  

add i t ion  to the  seve ra l  high Q modes there are three low Q modes 

(of width about B/3), p l u s  one very l o w  Q 

be added to t h e  experimental  count before  i t  might be compared w i t h  t h e  

t h e o r e t i c a l l y  pred ic ted  count. 

L L 
mode of width yu B t h a t  should 

L 

The foregoing assumes t h a t  t he  supplementary extra low Q modes L 
indicated--which a r e  e s s e n t i a l l y  coarse and e x t r a  coarse undula t ions  of 

t h e  base l ine--are not  modes of resonance excluded by the theory (e.g., 

a resonant ladder)  nor a r e  they caused by frequency dependent RF c i r c u i t  

components ex te rna l  t o  the  f u e l  tank. A f t e r  ve r i fy ing  t h a t  t h i s  is not  

t he  case, a poss ib l e  technique for  d e t e c t i n g  the  very l o w  Q modes 

might be based on successive stages of low-pass f i l t e r i n g  of the  video 

waveform with supplementary counting provided a t  each s t a g e  t o  record 

L 

t h e  number of l o w  Q e x t r a  l o w  Q and so on, modes. 
L' L' 

F. System Errors 

I n  discussing the  errors assoc ia ted  w i t h  any measuring system, one 

must note the  d i s t i n c t i o n  between p r e c i s i o n  and accuracy. I f  a measuring 

system exh ib i t s  only s m a l l  random errors, it i s  s a i d  t o  possess  h igh  

p rec i s ion ;  the  accuracy is high, on t h e  o t h e r  hand, only i f  t he  

systematic errors are small. Thus, t h e  mean dev ia t ion  of d a t a  p o i n t s  

from a "bes t - f i t "  curve obtained by r eg res s ion  a n a l y s i s  i s  a measure 

only of the  prec is ion .  The accuracy, however, would be determined i f  

w e  knew how c lose ly  t h e  gauge reading agreed wi th  the  a c t u a l  amount of 

f u e l  i n  the  tank. Thus, t h e  accuracy w i l l  depend on the  way t h e  gauge 

is ca l ib ra t ed  and on whether any sys temat ic  changes i n  mode count can 
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occur t h a t  are not  r e l a t e d  t o  the amount of f u e l  i n  t h e  tank. For 

example, empty-cavity mode count s h i f t s  of 25% have been observed 

by Bendix. The occurrence of such a s h i f t  i n  an opera t ing  system 

would r e s u l t  i n  a s i g n i f i c a n t  change i n  t h e  f u e l  gauge reading. 

Figure 4 shows tha t ,  when there i s  a s m a l l  amount of f u e l  i n  the  tank, 

t he  r e s u l t i n g  percentage e r r o r  can be very l a rge .  Obviously, therefore ,  

such systematic s h i f t s  i n  mode count cannot be t o l e r a t e d  i n  a working 

s y s  tern. 
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IV CONCLUSIONS AND RECOMMENDATIONS 

In t h i s  study, both theo re t i ca l  and p r a c t i c a l  aspec ts  of the  Bendix 

RF fuel-gauging system were examined. The Bendix technique of counting 

electromagnetic modes of resonance appears t o  be both a va l id  and a 

f e a s i b l e  way f o r  gauging f u e l  i n  l a rge  space-vehicle f u e l  tanks.  

the  design and implementation of t h e  fuel-gauging system does, i n  

general ,  follow the  bas ic  t ene t s  of good microwave p rac t i ce .  However, 

the  system does have some l i m i t a t i o n s  which are important t o  understand. 

These l imi t a t ions ,  as wel l  as a few recommendations f o r  changes i n  

p r a c t i c a l  technique, are discussed below: 

Also, 

0 The coupling t o  the  cav i ty  should be adjusted so t h a t  
the  "under coupled" condi t ion w i l l  predominate over 
the frequency range of i n t e r e s t .  This condi t ion w i l l  
provide the  g r e a t e s t  p robab i l i t y  of observing a mode, 
assuming t h a t  t he  de t ec to r  and mode processor  have 
adequate s e n s i t i v i t y .  

0 The d a t a  processing techniques i n  use by Bendix w i l l  
introduce mode-counting errors i f :  (1) t he re  are 
some very low Q modes intermingled with the  more 
prevalent  high b modes, o r  (2)  c o r r e c t  procedures 
a r e  not used i n  cons idera t ion  of t h e  f a c t  t h a t  the  
individual  probes i n  the "space-diversity" probe may 
each couple t o  d i f f e r e n t  numbers of modes. To count 
the low Q modes, i f  they are present ,  would r equ i r e  
add i t iona l  s t e p s  i n  processing. To avoid e r r o r s  
caused by mis in te rpre ta t ion  of d i v e r s i t y  probe act ion,  
t he  video waveforms should be summed before  t h e  modes 
a re  counted. 

L 

L 

0 Since t h e  cav i ty  dimensions are a l l  so very l a r g e  
compared with a wavelength, the  add i t ion  of per tur -  
bat ions t o  the  cav i ty  should have very l i t t l e  e f f e c t  
on t h e  average number of degeneracies t h a t  occur i n  
a given frequency range. 
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0 Transient  changes i n  t h e  loaded-&--such as might be 
produced by changes i n  losses, coupling, or movement 
of the d i e l e c t r i c  fluid--should not  s i g n i f i c a n t l y  
a f f e c t  t he  gauging response unless  they produce so 
d r a s t i c  a change i n  the  average loaded Q t h a t  mode 
counting c a p a b i l i t y  is a l t e r e d .  I f  such e f f e c t s  are 
found experimentally t o  be s i g n i f i c a n t ,  they must 
somehow be made n e g l i g i b l e  by making appropr ia te  
design changes, i f  the gauging system is  t o  be 
p r a c t i c a l .  

0 Temperature e f f e c t s  a r e  d i f f i c u l t  to  p r e d i c t  : they 
depend on the  kinds and amounts of material t h a t  are 
i n  the  cav i ty  and t h e i r  r e l a t i v e  con t r ibu t ions  t o  
the o v e r a l l  loss and d i e l e c t r i c  f i l l i n g  factor. 
Although one can take s t e p s  t o  minimize the  use of 
temperature s e n s i t i v e  materials wi th in  the  cav i ty ,  
one should also always maintain the  temperature 
constant  (a t  t h e  expected opera t ing  temperature) 
during c a l i b r a t i o n  (assuming the  temperature during 
f l i g h t  i s  cons t an t ) .  

0 The Bendix math model appears t o  apply t o  only one of 
the many poss ib l e  d i s t r i b u t i o n s  of loaded-& values  
tha t  might be found f o r  t h e  modes i n  a frequency . A suggested modi f ica t ion  of the  range (f 
Bendix model i s  presented t h a t  should make it p o s s i b l e  
t o  account f o r  any d i s t r i b u t i o n  of loaded-& values.  

1’ f 2 )  

0 A normalized frequency va r i ab le  is  introduced, which 
leads  t o  a simple set of c r i te r ia  f o r  determining 
the genera l  type of gauging response t o  be expected 
and, hence, t he  m o s t  d e s i r a b l e  opera t ing  frequency 
range. 

0 The theory is  expected t o  be the  least accura te  for 
nearly empty and near ly  f u l l  c a v i t i e s ,  wi th  the  
p robab i l i t y  for  t h e  occurrence of l a r g e  percentage 
e r r o r s  being h ighes t  i n  the  case where t h e  c a v i t y  i s  
near ly  empty. 

0 For t h e  new model, i t  is  found t h a t  the  unloaded, 
external ,  and loaded Qs of the  empty cav i ty  should be 
measured f o r  m o s t  of t h e  modes i n  the  frequency range 
(fl, f ) if accura te  values  f o r  the model parameters 
a re  t o  be determined. 

2 
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Also, in the model, the effect of mode degeneracies 
can only be approximated. However, since the 
detailed cavity geometry in the large cavity 
approximation should not affect the average number 
of degeneracies, it should be possible to account 
for degeneracies by a suitable calibration. 

Similarly, modes may go undetected if there is 
insufficient coupling. Coupling variations from 
mode to mode occur because of differences in the 
modal field configurations. 
diversity" probe by Bendix is considered to be a 
good technique for alleviating this problem. 
optimum design of the probe must be determined 
empirically, but the design should not be sensitive 
to the position of the probe in the cavity. 

"he use of a "space- 

The 

Although the model should provide a good basis for 
design, its accuracy is probably not good enough to 
eliminate the need for experimentally calibrating 
the actual fuel-gauging system. 
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Appendix A 

INTEGRATION OF A FERMI-TYPE MODE DENSIm FUNCTION 

W e  wish t o  evaluate the integral  

To simplify the exponent w e  s e t  

t =y- 2 (7) - 1) (A-2 1 

Hence, 

(A-3 

Equation (A-1)  then becomes 

which can be written as 
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(A-5) 

where 

0 

These in t eg ra t ions  can be c a r r i e d  out  once tanh t i s  expanded i n  a 

series. W e  must consider  two regions of convergence: 

(1) Near the  o r i g i n  

m 

2n-1 51 t 
’2n-1 

tanh t = 

n=l 

where 

The c o e f f i c i e n t s  B are t h e  Bernoul l i  numbers, for example, 2n-1 

B = 1/30, B = 1/42 B = 1/6, 

B = 1/30, B = 5/66, B = 691/2730, 

1 3 5 

7 9 11 

B = 7/6, etc. 
13 

(A-7) 
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The expansion c o e f f i c i e n t s  are, therefore,  given by 

= 2/15 
B5 

B, = 1, p 3  = 1/3, 

= 17/315, = 62/2835, = 1382/155925, 

= 21844/6081075, etc. 

87 9 

B l ,  

Thus, w e  can w r i t e  E q .  (A-6) as 

n-1 2n+k 
J (u)  = f: (-1) B2n-i u /(2n + k )  

k 
n=l  

(A-9) 

where K = 1, 2 and 1111 s 1/2. Over t h i s  range of u (i.e.,  t) w e  f i n d  

t h a t  use of the  f i r s t  seven terms of the series provides f i v e  decimal 

p l a c e  accuracy. 

(2)  Large, p o s i t i v e  t 

tanh t = 1 + 2 C ( - 1 1 ~  e-2nt 

n=l 

Now 

-n -2nu 
-2nt (1 + n ) e  - (1 + 2nu)e 

2 d t  = 
4n 

lU t e  

1/2 

(A-10) 

(A-lla) 
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and 

2 -u 2 2 -2nu 
(2 + 2n + n ) e  - (2 + 4nu + 4n u )e 

8n 
. (A-llb) 

3 d t  = 

1/2 

Therefore, for  u > 1/2 

m 
-n -2nu 

Y (A-12) 
n (1 + n)e  - (1 + 2nu)e 

2 
n 2 

and 

-t 

n=l 

Taking twelve terms of these series g ives  f i v e  decimal p lace  accuracy. ' 

If u < -1/2, w e  have 

(A-14) 

where k = 1, 2 .  

58 



A p p e n d i x  B 

AUTOMATIC NETWORK ANALYZER Q-MEASURING TECHNIQUES 
FOR A MULTIRESONANT CAVITY 

59 





Appendix B 

I " 

AUTOMATIC NETWORK ANALYZER Q-MEASURING TECHNIQUES 
FOR A MULTIRESONANT CAVITY 

SRI has  had extensive experience i n  the use of automatic network 

analyzers (ANA), such as t h e  HP 85418 and 8542B, t o  measure and d isp lay  

the  &-parameters (unloaded Q, Qu; ex t e rna l  Q, Q ; and loaded Q, Q ) of 

cavi ty  resonators  having a m u l t i p l i c i t y  of resonances. The resonators  

s tud ied  and t e s t e d  a t  SRI (under RADC Contracts  F30602-714-0255 and 

F30602-744-0142) belonged t o  bandpass f i l t e r s  and the  Q-measuring 

techniques are discussed i n  d e t a i l  i n  the  appended l is t  of publ ica t ions .  

A summary of these  techniques is given below. Note t h a t  i n  the  SRI 

f i l t e r s  only one resonance may e x i s t  a t  a t i m e ,  whereas i n  the  NASA 

f u e l  tanks a l l  the resonances coexis t .  T h i s  d i f fe rence  w i l l  not a f f e c t  

t he  Q-measuring techniques appreciably, however, and only s m a l l  changes 

i n  the  computer software would be needed t o  dea l  with t h i s  d i f fe rence .  

2 L 

A less important d i f fe rence  between the systems is  tha t  t he  SRI 

f i l t e r s  a l l  have two separa te  po r t s ,  whereas the f u e l  tank c a v i t i e s  

general ly  have had only one por t .  

o r  d i r e c t i o n a l  coupler  t o  the  f u e l  tank RF input  c r e a t e s  an e f f e c t i v e  

output por t .  Al te rna t ive ly ,  with t h e  "d ivers i ty"  RF probe, one element 

can be used f o r  an input  p o r t  and any o the r  element f o r  an output  por t .  

(Connections from t h e  ANA would be made t o  the  probe elements on the  

cav i ty  s i d e  of t h e  sampling switches).  The t i gh tness  of coupling a t  

each p o r t  can be e n t i r e l y  a r b i t r a r y  and the  i n s e r t i o n  loss a t  resonance, 

from p o r t  t o  por t ,  is  unimportant here,  provided it i s  measurable. 

However, attachment of a c i r c u l a t o r  
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1 .  HP 8 5 4 1 A  ANA - 
Here, the  phase s h i f t  from p o r t  t o  p o r t  through the  f i l t e r  

is noted. T h i s  phase s h i f t  w i l l  have a c h a r a c t e r i s t i c  value (def ined as 

phase zero) whenever the  frequency is centered  on a resonance. 

frequency of t he  ANA s i g n a l  source i s  made t o  lock a t  t h i s  frequency, 

f while f is  measured w i t h  a d i g i t a l ,  p r e c i s i o n  frequency counter .  

The i n s e r t i o n  loss, L and the  VSWR a t  each p o r t  are also measured a t  

f Next, t he  ANA s i g n a l  source i s  made t o  lock success ive ly  onto the  

frequencies f and f f o r  which the  phase s h i f t  is  + 4 5 O  and - 4 5 O .  The 

frequency counter  also measures f and f and sends i t s  readings,  along 

with f back t o  the computer. The computer then  works w i t h  t he  

following r e l a t i o n s  ( i n  which the subsc r ip t s  1 and 2 on VSWR and Q 

The 

0’ 0 

0’ 

0’ 

1 2 

1 2 

0’ 

e 
denote the two p o r t s )  

f 
0 

- f  Q =  
f 2  1 

U 
QL Qel Q 

‘u + Qe, 

U 
Q 

VSWR = 
2 

t o  c a l c u l a t e  and output  t h e  des i red  parameters.  The e n t i r e  process  is  

then repeated (automatical ly)  a t  t he  next  channel or mode of resonance. 
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2,  HP 8542B ANA 

This ANA Contains a frequency synthes izer  t h a t  generates  

output  test  s i g n a l s  whose frequencies  are s t a b l e  and known t o  wi th in  

one p a r t  i n  10 . In  the  range 1 t o  2 GHz, for example, t h e  test fre- 

quency can be stepped i n  increments a s  s m a l l  as 2 kHz. The software 

one uses  then includes a 

frequencies ,  f where i n s e r t i o n  l o s s  is a minimum (and c L ) ; phase 

locking is not  used. Additional searching i s  also done to  f ind  the 

frequencies,  f, and f , where the  i n s e r t i o n  loss is  equal t o  L 

Along with VSWR measurements made a t  f the  equat ions above remain 

re levant ,  and t h e  t h r e e  frequencies  i n  Eq. (B-1 )  should be p r e c i s e  t o  

wi th in  1 p a r t  i n  10 . Extra  software, f o r  example, a l s o  can be (and 

has  been) prepared t o  s i g n a l  the presence of a resonance mode curve 

shape corresponding t o  t w o  p a r t i a l l y  merged resonances. 

6 

If search” procedure t o  f i n d  mode resonance 

0’ 0 

+ 3 dB. - 2 0 

0’ 

6 
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PUBLICATIONS RELEVANT TO AUTOMATIC NETWORK ANALYZER 
Q-MEASURING TECHNIQUES FOR A MULTIRESONANT CAVITY 

"Electronically Tunable High-Power Filter for Interference Reduction in 
Air Force Communication Systems, I'  Final Report, RAM= Contract F30602- 
71-C-0255, SRI Project 1201, Stanford Research Institute, Menlo Park, 
California (June 1972). 

W.B. Weir, "Automatic Measurement System for a Multichannel Digitally- 
Tuned Bandpass Filter," IEEE Trans. Instrum. and Meas., Vol. IM-23, 
No. 2, pp. 140-148 (June 1974). 

A. Karp, "Flauto: A High-Power, High-Q Bandpass Filter with Binary 
Logic Electronic Tuning," IEEE Trans. Microwave Theory and Tech., 
awaiting publication. 

I t  A. Karp and W.B. Weir, Recent Advances in Binary-Programmed Electroni- 
cally-Tunable Bandpass Filters of the 'Flauto' Type," to be presented 
at 1975 International Microwave Symposium, Palo A1 to, California, 
May 13, 1975. 

"UHF Electronically Tunable High-Power Filter," Final Report, RADC 
Contract F30602-74-C-0142, SRI Project 3321, Stanford Research Institute, 
Menlo Park, California, April 1975 (in preparation). 
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